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We exhibit  a model for analytic,  c r o s s i n g - s y m m e t r i c  y y ampli tudes  which sat isfy I = 1 sum 
rules  and the inequali t ies  of Mart in.  The S-waves and P-wave  are  uni tary  to excel lent  approximation 
up to energ ies  exceeding 1 GeV. The model enables  us to conver t  a smal l  number  of exper imenta l ly  
access ib le  p a r a m e t e r s  into phase shifts  re l iable  up to 1 GeV. Pred ic t ions  a re  made for the S-waves 
which lend support  to ce r t a in  analyses  of ?TN ~ ' ? T N  data. Solutions a re  displayed which const i tute  
coun te r -examples  to the c l a ims  of Le Guillou, Morel  and Navelet that  the S-waves must  posses s  
Adler - l ike  zeroes ,  and that  the £ resonance  must  be broad. 

In t h i s  l e t t e r ,  we d i s p l a y  a m o d e l  f o r  u~ e l a s t i c  s c a t t e r i n g  a m p l i t u d e s  in  w h i c h  the  f o l l o w i n g  c o n d i -  
t i o n s  a r e  s a t i s f i e d  exact ly:  a n a l y t i c i t y ,  c r o s s i n g  s y m m e t r y ,  p o s i t i v i t y  of a b s o r p t i v e  p a r t s  of p a r t i a l  
w a v e s  w i th  d e f i n i t e  i s o s p i n  and  v a l i d i t y  of the  F r o i s s a r t - G r i b o v  r e p r e s e n t a t i o n  f o r  p a r t i a l  w a v e s  w i th  
l >/ 2. It f o l l o w s  f r o m  t he  p r e c e d i n g  p r o p e r t i e s  t h a t  the  i n e q u a l i t i e s  of M a r t i n  [1] and  o t h e r s  a r e  s a t i s -  
f i ed .  

Our  m o d e l  a l s o  s a t i s f i e s  e x a c t l y  the  I = 1 R e g g e  s u m  r u l e  [2] fo r  the  d e r i v a t i v e  p a r a m e t e r  ;~1 of 
Chew and  M a n d e l s t a m  [3]. 

In a d d i t i o n  to the  p r e c e d i n g  e x a c t  p r o p e r t i e s ,  t he  S - w a v e s  and  P - w a v e  a r e  u n i t a r y  to e x c e l l e n t  a p -  
p r o x i m a t i o n  to e n e r g i e s  e x c e e d i n g  1 GeV and  the  R e g g e  s u m  r u l e  [4] f o r  the  c o m b i n a t i o n  (2a  0 - 5a 2) of 
S - w a v e  s c a t t e r i n g  l e n g t h s  i s  s a t i s f i e d  to e x c e l l e n t  a p p r o x i m a t i o n .  

Our  m o d e l  e n a b l e s  u s  to  c o n v e r t  a s m a l l  n u m b e r  of e x p e r i m e n t a l l y  a c c e s s i b l e  p a r a m e t e r s  in to  
p h a s e  s h i f t s  r e l i a b l e  up to 1 GeV.  It a l s o  s h e d s  l i gh t  on  the  p h y s i c a l  c o n t e n t  of the  i n e q u a l i t i e s  of 
M a r t i n .  S e v e r a l  i m p o r t a n t  c o n c l u s i o n s  a r e  d r a w n .  

Our  m o d e l  m a y  be  d e s c r i b e d  b r i e f l y  a s  f o l l o w s  (a t h o r o u g h  e x p o s i t i o n  i s  in  p r e p a r a t i o n ) .  Le t  V I 
(v, c o s  0) d e n o t e  the  V e n e z i a n o  uu a m p l i t u d e  [5] w i th  i s o s p i n  I in  the  s - c h a n n e l ,  w h e r e  v-= ¼ s - 1  (we 
u s e  u n i t s  w h e r e i n  mu  =/T = c = 1). L e t  A I (v, c o s  0) d e n o t e  the  p h y s i c a l  ~z~ a m p l i t u d e .  T h e n  c o n s i d e r  
the  f u n c t i o n s  

A A I ( v ,  c o s  0) =- A I - V I. (1) 

If t he  r e s o n a n c e  s p e c t r a  of the  A I a g r e e  w i th  t h o s e  of the  V / t h e n  r e s o n a n c e  c o n t r i b u t i o n s  to 
I m  [AA/] v a n i s h ,  in  the  s e n s e  of l o c a l  a v e r a g e s .  T h u s  r e s o n a n c e  c o n t r i b u t i o n s  to  a l l  but  the  n e a r e s t  
s i n g u l a r i t i e s  of AA I a r e  e f f e c t i v e l y  zero .  

In o u r  m o d e l ,  we a s s u m e  f o r  1 >/ 2 t h a t  the  I mA ( l ) l  a r e  g i v e n  fo r  v > 0 by the  5 - f u n c t i o n  a b s o r p t i v e  
p a r t s  of the  V e n e z i a n o  r e s o n a n c e s  (wh ich ,  t h r o u g h  d u a l i t y ,  c o n t a i n  the  c o n t r i b u t i o n s  of R e g g e i z e d  p and  
fo e x c h a n g e ) :  

l>~ 2, v >  0 : I m [ A A ( / ) / ]  = 0 . (2) 

A n a l y t i c i t y ,  c r o s s i n g  s y m m e t r y  and  the  a p p r o x i m a t i o n  (2) i m p l y  r e p r e s e n t a t i o n s  fo r  the  AA I w h i c h  
a r e  u n i q u e  up to the  a d d i t i o n  of e n t i r e  f u n c t i o n s  (only  one  of w h i c h  i s  l e f t  i n d e p e n d e n t  by c r o s s i n g  s y m -  
m e t r y ) .  Our  c h o i c e  of the  i n d e p e n d e n t  e n t i r e  f u n c t i o n  i s  a s i m p l e  and  n a t u r a l  one  w h o s e  v i r t u e s  wi l l  

* This  r e s e a r c h  was supported in par t  by the US Atomic Energy Commission.  
** P r e s e n t  address :  Depar tment  of Phys ics  and Astronomy,  Hunter College of CUNY, New York, New York 10021° 
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become apparent  Jr. For  I = (0), we have 

1 F l[2(v+2v'+2)AfI(v, v') AfI(vo,  v') 7 V-Vo AAI(v, cos 0) = ("95)A)t + ~. d r '  - + 
{t.(v+2 v,+2)2_ v2cos2 o v;U-VVo J (v'-v-o)(~'-v) 6 

4 October 1971 

(3a) 

lm [AA (0)l(v')] f , 

where v o =- -~, Ak is  a subtract ion pa r ame te r  which bears  the same re la t ion  to the AA I as the p a r a m -  
e te r  

i 2 ;~ ~- --~A0(vo,0) = -~A (Vo,0) 

b e a r s  to the A I and ,x f l  i s  given by 
2 1 

hf l (v ,v ' )  = ~ a lp  ~ (2 / '+1) Im[AA(l ' ) l ' (v ' ) ]  Pl,(l+2V+l~ 
1'=0 l'=O v' J ' 

where al l ,  denotes the c ross ing  mat r ix  [3]. For  I = 1, we have 

~41(v,  cos 0) = cos0 v f  dv'  t 2Af l (v ,  v') 3Im[~XA (1)1 (v')] (3b) 
~0 {(v+2v'+2)2-v 2 cos 2 0 + v'(v'-v) 

The ampli tudes  (3a-b) are  manifes t ly  analytic and free of ghosts ( s ingular i t i es  at complex points  on 
the physical  sheet). The c ross ing  symmet ry  is  perhaps not obvious, but has been explicit ly verif ied by 
the p re sen t  author for a r b i t r a r y  ItalY4 (0)I], Im[~4(1)1] ,  v >/ 0 .  

It i s  evident f rom inspect ion of eqs. (3a-b) that as t -- ~o for fixed s, the AAI do not grow more  rap -  
idly than t. Thus the par t i a l  waves AA(l) I satisfy the F r o i s s a r t - G r i b o v  rep resen ta t ion  for l >~ 2. 

Since the Veneziano par t i a l  waves Y(/) la lso  satisfy the F r o i s s a r t - G r i b o v  rep resen ta t ion  for l >~ 2, 
the A I = VI+ AA I generated by our model will automatical ly  sat isfy the inequal i t ies  of Mart in  and 
o thers  if the posi t ivi ty condition is  sat isf ied:  ImA(l)I(v) >I 0 for v >/ 0 for all  l, I .  

We shall  use the s i n g l e - t e r m  Veneziano formula  and the Lovelace values  [5] for the t ra jec tory  pa-  
r a m e t e r s :  a = 0.483, b =0.017, where a(s) =a+bs. We shall  cons t ra in  the Im[AA(0) I] and Im[AA(1) 1] 
in such a way that the posi t ivi ty condition will be satisfied by all the ImA(1) I if al l  the resonance  poles 
in the V( l)I have res idues  of cor rec t  sign above the second (fo) tower. This  is  t rue at leas t  up to the 
fift ieth tower $ (which occurs  at 7.5 GeV) and appears  to be true for all  higher towers [6]. 

F rom a Regge ana lys i s  of the combinat ion of uu ampli tudes with I = 1 in the t -channel ,  it  follows 
that the t radi t ional  der iva t ive  p a r a m e t e r  [3] ;t 1 obeys a sum rule  [2], as does the combinat ion of S- 
wave sca t te r ing  lengths (2a 0 - 5a 2) [4]. It i s  s t raightforward to show that the AI generated by our model 
sat isfy the sum rule  for )~1 if 

F d ~ i m [ A A ( 1 ) l ]  = 0. (4) 
0 (v- Vo)2 

Above 1 GeV, we shall  cons t ra in  lm[~4(  TM] to tend smoothly to zero.  Below 1 GeV, we shall  con- 
s t r a in  A(1)l  to be un i ta ry  and contain a p resonance .  We shall  choose the overal l  mul t ipl icat ive  con- 
stant  in the Vl to  be such that eq. (4) and hence the sum rule  [2] for Xl are  sat isf ied exactly. We then 
find that the sum rule  [4] for (2a 0 - 5a 2) is  satisfied within 0.3%. 

By projec t ing  the l = 0 and 1 waves out of eqs. (3a-b), respect ive ly ,  we obtain 

A(O)I(v) = (5a) 

{v , - - ; -  a f z ( v ,  v') - + , , Zm[~A(0)Z(v')] 
v ' -Vo  (v -Vo)(V -v)  

jr If one requires that the Froissart-Gribov representation be satisfied for l >~ 2, then the right sides of eqs. (3a-b) 
could only be modified by adding functions which are linear in s, t and u. If one also requires that the Regge sum 
rule for the derivative parameter ~1 be satisfied, then eqs. (3a-b) are unique, provided that the overall multi- 
plicative constant in the Vlis such t~at the Veneziano p resonance has the same mass and effective width as the 
unitartzed p inA (l)1. 

:~ Verified by the present author. 

471 



Volume 36B, number  5 P H Y S I C S  L E T T E R S  4 October 1971 

Table 1 
Low-energy p a r a m e t e r s  cor responding  to the y 7r ampli tudes  whose S-waves a re  
displayed in figs. 1 and 2. The f i r s t  en t r i e s  in each column correspond to the so- 
lutions a), while the second en t r i e s  (in parentheses)  cor respond to the solutions b). 

?~ ao  a2  ~1 
-0.09 1.07 (1.11) 0.083 (0.081) 0.168 (0.173) 
-0.05 0.60 (0.62) 0.018 (0.016) 0.137 (0.141) 
-0.01 0.25 (0.26) -0.046 (-0.047) 0.111 (0.113) 

0.03 -0.02 (-0.02) -0.109 (-0.110) 0.089 (0.090) 

t I l l  
0 

The  r e m a i n i n g  c o n d i t i o n  to be i m p o s e d  on o u r  S - w a v e s  and P - w a v e  i s  u n i t a r i t y :  

= (6) 

f o r  v > 0, w h e r e  R l I i s  the  r a t i o  of e l a s t i c  to  t o t a l  p a r t i a l - w a v e  c r o s s  s e c t i o n s .  
To o b t a i n  a p p r o x i m a t e  s o l u t i o n s  f o r  the  A ( 0 ) l a n d  A ( 1 )  1 w h i c h  s i m u l t a n e o u s l y  s a t i s f y  e q s .  ( 5 a - b )  and  

(6), we r e p r e s e n t  e a c h  I m A ( 0 ) I b e t w e e n  t h r e s h o l d  and 1.25 GeV by a f l e x i b l e  3 9 - p a r a m e t e r  t r i a l  f u n c -  
t ion  wi th  c o r r e c t  t h r e s h o l d  b e h a v J o u r  and I m A ( 1 )  1 b e t w e e n  t h r e s h o l d  and  1.05 GeV by a f l e x i b l e  2 9 -  
p a r a m e t e r  t r i a l  f u n c t i o n  wi th  c o r r e c t  t h r e s h o l d  b e h a v i o u r .  A b o v e  the  a f o r e m e n t i o n e d  e n e r g i e s ,  we l e t  
t he  I m A ( l ) I ( l  = O, 1) t end  s m o o t h l y  to Im V( l)I. We t h e n  d e t e r m i n e  the  t r i a l - f u n c t i o n  p a r a m e t e r s  by 
r e q u i r i n g  t ha t  eqs .  ( 5 a - b )  and  (6) be  s i m u l t a n e o u s l y  s a t i s f i e d  w i t h i n  2% o v e r  a s e t  of c l o s e l y - s p a c e d  
m e s h  p o i n t s  w h i c h  s p a n  the  r e g i o n s  w h e r e  the  t r i a l  f u n c t i o n s  a r e  f l e x i b l e .  

We find t h a t  s o l u t i o n s  e x i s t  a s  ~, m ~ ,  F E , m p  and Fp  a r e  i n d e p e n d e n t l y  v a r i e d *  o v e r  s u b s t a n t i a l  
r a n g e s  of v a l u e s .  T h u s  o u r  m o d e l  d o e s  not  h a v e  v e r y  r e s t r i c t i v e  b o o t s t r a p  p r o p e r t i e s .  H o w e v e r ,  once  
the  a f o r e m e n t i o n e d  p a r a m e t e r s  h a v e  b e e n  s p e c i f i e d  *, the  s o l u t i o n s  a r e  un ique .  

F o r  the  s o l u t i o n s  e x h i b i t e d  in t h i s  p a p e r ,  we hold  the  p p a r a m e t e r s  f ixed  at  m p  = 762 MeV,  Fp = 
120 MeV and we s e t  R I e q u a l  to un i ty .  

M o t i v a t e d  by a n a l y s e s  ~ of ~N ~ ~ N  d a t a  [7],  we d i s p l a y  two t y p e s  of E r e s o n a n c e  in  f ig.  1. In l a ,  500 
i s  c o n s t r a i n e d  to e q u a l  75 ° at  800 MeV and 90 ° at  960 MeV.  In l b ,  600 i s  c o n s t r a i n e d  to e q u a l  90 ° a t  
730 MeV and 135 ° a t  875 MeV.  

We r e m a r k  t ha t  no ~(730) s o l u t i o n s  e x i s t  w h e r e i n  600 p a u s e s  o r  v a c i l l a t e s  in  i t s  r i s e  f r o m  90 ° to 
180 °.  In p a r t i c u l a r ,  t he  p u b l i s h e d  e (730) b r a n c h e s  [7] of p h a s e - s h i f t  a n a l y s e s  of ~N--* ~ N  d a t a  a r e  i n -  
c o n s i s t e n t  w i th  eqs .  (5a) and (6). T h i s  c o n c l u s i o n  would  not  be a f f e c t e d  by m o d e r a t e  (~< 2 0 ~ )  i n e l a s t i c i t y  
b e l o w  1 GeV,  n o r  by any  a m o u n t  of i n e l a s t i c i t y  a b o v e  1 GeV.  T h u s  the  E (900) b r a n c h  [7] m u s t  be 
N a t u r e ' s  c h o i c e ,  u n l e s s  the  p u b l i s h e d  e r r o r  b a r s  a l o n g  the  ~ (730) b r a n c h  a r e  s e v e r a l  t i m e s  s m a l l e r  
t h a n  the  a c t u a l  e r r o r s  [8]. 

In f i g s .  2 a - b ,  we d i s p l a y  the  I = 2 S - w a v e  p h a s e  s h i f t s  602 w h i c h  c o r r e s p o n d  to the  500 of f i g s .  l a - b ,  
r e s p e c t i v e l y .  

In t a b l e  1, we d i s p l a y  the  v a l u e s  of the  S - w a v e  s c a t t e r i n g  l e n g t h s  a I and the  d e r i v a t i v e  p a r a m e t e r  ;~1 
w h i c h  c o r r e s p o n d  to the  s o l u t i o n s  d i s p l a y e d  in  f i g s .  1 and  2. T h e  f u n c t i o n a l  r e l a t i o n  b e t w e e n  a 0 and  a 2 
c o n s t i t u t e s  the  " u n i v e r s a l  c u r v e "  d e r i v e d  e a r l i e r  by M o r g a n  and  Shaw [9].  

F o r  the  two t y p e s  of ~ r e s o n a n c e  d i s p l a y e d  in f ig .  1, we f ind t h a t  A(0) 0 v a n i s h e s  on  the  i n t e r v a l  
1.1 --< s ~< 1.7 on ly  if  - 0 . 0 0 2 6  --< ~ --< 0 .0040 .  T h u s  a l l  s o l u t i o n s  w i th  ~ > 0 .004 o r  2~ < -0 .003  c o n s t i t u t e  
c o u n t e r e x a m p l e s  to the  c l a i m  of Le  Gu i l l ou ,  M o r e l  and N a v e l e t  [10] ( h e n c e f o r t h  G.M.N. )  t h a t A ( 0 )  0 
m u s t  v a n i s h  on the  i n t e r v a l  1.1 < s ~< 1.7. 

* We find that  i t  is  possible  to cons t ra in  a resonant  ampli tude at  two (but only two) points inside the resonance  
peak. Thus for  example we can cons t ra in  A (l)l to have the values appropr ia te  to ~}11 = 90 ° and 135 ° at Ee.m.  = 
= mp and (mp+  ½F), respect ive ly ,  for  a range of values of the p a r a m e t e r s  mp and F. 
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Fig. 1. a) Solutions for 5n 0 constrained to equal 75 ° at 
800 MeV and 90 ° at 960 ~eV.  b) 500 constrained to 

equal 90 ° at 730 MeV and 135 o at 875 MeV. 
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Fig. 2. a) Solutions for 502 corresponding to the 5 00 of 
fig. la .  b) 5 02 corresponding to the 500 of fig. lb.  

The  500 of f ig .  l b  cons t i t u t e  c o u n t e r e x a m p l e s  to the a r g u m e n t  of G.M.N. aga ins t  a n a r r o w E  ~ . Note ,  
h o w e v e r ,  that  t h e s e  500 a l l  r i s e  th rough  180 o. The  S - w a v e  p a r a m e t e r i z a t i o n  a s s u m e d  by G.M.N. d o e s  
not  p e r m i t  500 to r e a c h  180 ° and th i s  m a y  exp la in  why G.M.N.  w e r e  unab le  to ob ta in  a n a r r o w  E. A s i m -  
i l a r  r e m a r k  app l i e s  to the w o r k  of C a r r o t t e  and J o h n s o n  [11] and of Gore  [12]. 

O b s e r v e  that  fo r  e a c h  va lue  of )% the  500 in f ig.  l a  d i f f e r s  f r o m  that  in l b  by l e s s  than 10% below 
400 MeV, whi le  the  502 in f ig.  2a  d i f f e r s  f r o m  that  in 2b by l e s s  than 3% below 1 GeV. Thus  if  one 
a c c e p t s  the W e i n b e r g  p r e d i c t i o n  [17] ;t ~ -0 .008 ,  which  has  been  c o n f i r m e d  wi th in  s t a t i s t i c a l u n c e r t a i n -  
t i e s  of ± 0.01 by a n a l y s e s  of 7rN--.Tr~rN d a t a  [18] t ,  our  m o d e l  then  i m p l i e s  de f in i t e  v a l u e s  fo r  5 ° and 502 
o v e r  the a f o r e m e n t i o n e d  r a n g e s  of e n e r g y .  Since the 502 in f ig.  2 do not v a r y  by m o r e  than ±3~ be tween  
t h r e s h o l d  and 1 C-eV ~s ;t i s  v a r i e d  o v e r  the wide  r a n g e  ( -0 .01 :~0.04), our  m o d e l  i s  e s p e c i a l l y  d e c i s i v e  
in i t s  p r e d i c t i o n  of 5 ~ ,  which  we b e l i e v e  to be r e l i a b l e  up to 1 C-eV o r  m o r e  [15]. C e r t a i n  a n a l y s e s  of 
7rN -" ~nrN d a t a  a r e  in good a g r e e m e n t  wi th  th i s  p r e d i c t i o n  and ga in  suppo r t  f r o m  it  t t .  

We r e m a r k  and wi sh  to e m p h a s i z e  that  if  one had n e v e r  h e a r d  of V e n e z i a n o  a m p l i t u d e s  but s i m p l y  
w r o t e  t w i c e - s u b t r a c t e d  d i s p e r s i o n  r e l a t i o n s  fo r  the A ( l ) l  with  s u b t r a c t i o n  p a r a m e t e r s  c o r r e s p o n d i n g  to 
,~ and X 1 and then  d e t e r m i n e d  X 1 f r o m  the u sua l  s u m  r u l e  [2], the r e s u l t i n g  A t t ) l  would  a g r e e  with  the 
a m p l i t u d e s  of our  p r e s e n t  m o d e l  wi th in  about  10% below 700 MeV fo r  ( l ) l  = (0)2 and wi th in  about  10% 

In the present  context, a "narrow" E is one wherein 5n 0 r i ses  without hesitation toward 180 ° after reaching 90 ° 
near  730 MeV, as opposed to a 500 which hovers ,ear ' /J0 ° from about 700 MeV up to at least 900 MeV. The total 
width of such a "narrow" E may be as much as 400 MeV. 

1" These authors give values and uncertainties for the a I which correspond to k ~ -0.01 *0.01 in our model. The 
published uncertainties in the a I are  pr imar i ly  statist ical  in origin and do not adequately ref lect  the theoretical 
uncertainties in the analyses. 

~" The 502 of Walker et at. [161, Morse et al. [17] and Colton et al. [181 and the recent  502 of Baton et al. [191 are  
a l l  in good agreement  with our resul t  up to 1 GeV or more.  The ea r l i e r  5 2 of Baton et al. [20] was too small  in 
the 19 region by a factor of two. 
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be low 900 MeV fo r  (1)l  = (0)0 and (1)1 [19]. T h u s  the a m p l i t u d e s  of our  p r e s e n t  m o d e l  have  a m u c h  
g r e a t e r  g e n e r a l i t y  than  d o e s  the  V e n e z i a n o  m o d e l  i t s e l f .  
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